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Abstract
The behaviour of a static thin shell embedded in dS space is investi-
gated. To satisfy the junction conditions at the boundary, one rescales the
time variable. The surface energy σ on the shell is positive but its surface
tension τ is negative when r << a, where a is the horizon radius. The
repulsive character of the radial acceleration of a static inner observer is
fortified by the process of sinking in the Sitter universe. An upper limit
for σ has to be imposed for the shell mass to remain positive.
1 Introduction
To find whether the cosmological expansion takes place locally (say, at the Solar
System level) is a very complicated matter and is still an unsolved problem [1].
The solution depends on the model of the Universe. The purpose is to combine
both classes of solutions (cosmological and local) and to find out exact solutions
for the gravitational field of a particular system immersed in a cosmological
background, albeit a simple superposition of solutions is not in total agreement
with the nonlinear feature of the theory [2, 3, 4, 5].
As Padmanabhan has shown [1], even the notion of ”expansion” is relative-
and depends on the frame we choose; for example, the Schwarzschild metric (S)
is expanding for a geodesic observer. We will work in the ”thin shell” approxi-
mation, namely the thickness of the shell is small compared to any length scale
from the physical system [6].
The theory of surface layers in General Relativity (GR) was developed by
Israel [7], making use of the Gauss-Codazzi equations (see also [6, 8, 9, 10,
11, 12]). The first Israel junction condition states that the induced metric on
the spherical shell (bubble) should be continuous. We will next use the second
junction condition relating the jump of the extrinsic curvature across the static
shell to the stress tensor on the shell.
Our motivation in this paper is to look for the connections between the
quantities related to the intrinsic geometry of the shell (the surface energy and
1
surface tension) and geometric properties of the two spacetimes from either side
of it. In Sec. 2 we present briefly the well-known case of a thin shell embedded
in Minkowski space and write down the equations relating the shell mass to
the intrinsic parameters of the hypersurface. Sec. 3 studies the more complex
situation when the shell is immersed in de Sitter spacetime. The static character
of the system is investigated in terms of the physical quantities characterising
the shell and the inner and outer spacetimes.
Throughout the paper we use geometrical units G = c = 1, unless otherwise
specified.
2 Static thin shell
The next step is to establish the geometries on either side of the spherical shell
of mass m, measured by a static observer on its surface. Outside it the metric
is Schwarzschild, whether the shell is static or not
ds2+ = −
(
1− 2m
r
)
dt2 +
1
1− 2m
r
dr2 + r2dΩ2, (2.1)
where dΩ2 stands for the metric on the unit 2-sphere. Birkhoff’s theorem guar-
antees that the interior geometry is flat
ds2
−
= −
(
1− 2m
R
)
dt2 + dr2 + r2dΩ2, (2.2)
with R - the (constant) radius of the shell, R > 2m. We chose the above form
of the inner metric for to work with the same time variable on both regions (a
choice that results from the first junction condition at r = R).
Let us take Sab as the perfect fluid source with σ - the surface energy density
and τ - the surface tension (τ = −p, where p is the surface pressure)
Sab = (σ − τ)uaub − τhab, (2.3)
where ua is the velocity vector field (uaua = −1), hab = gab − ξaξb, with ξa -
the unit normal vector to the surface r = R, ξaua = 0, ξ
aξa = 1 (a, b above
span the coordinates (t, r, θ, φ)).
The stress tensor Sab is related to the jump of the extrinsic curvature [Kab] =
K+ab −K−ab (here a, b = t, θ, φ) through the Lanczos equation [6, 8, 7]
[Kab]− hab[Kcc] = −8piSab. (2.4)
To compute the components of Kab we make use of the Kolekar-Kothawala-
Padmanabhan formula [10]
Kab = −
√
gf ′
2f
uaub +
√
g
r
qab, (2.5)
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where f(r) = −gtt, g(r) = 1/grr , f ′ = df/dr and qab = hab+uaub. The detailed
calculations appear in many textbooks (even for a dynamical situation) so we
give here the main results for our particular case
σ =
m
2piR2(1 +
√
1− 2m
R
)
, τ =
√
1− 2m
R
+ m
R
− 1
8piR
√
1− 2m
R
(2.6)
and
m = 4piσR2(1− 2piσR). (2.7)
It is worth noticing that we have always τ < 0 and σ > 0. The direct relation
between them is
τ(σ) = − piRσ
2
1− 4piσR, (2.8)
where we have 1− 4piσR =
√
1− 2m
R
> 0 (obtained from (2.7)), or σ < 1/4piR.
This last condition confirms that m is always positive.
Let us observe that when R >> m, τ ≈ 0 and σ = m/4piR2, i.e. the classical
situation (τ is negligible and σ = energy/area). In contrast, when R → 2m,
we have σ = 1/8pim and the surface tension τ → −∞, a consequence of the
divergence of the proper S acceleration on the horizon r = R = 2m. We have
to keep in mind that the equation for τ originates from the discontinuity of the
normal components of the acceleration when the shell is crossed [9, 8].
3 Thin shell embedded in de Sitter space
We pass now to a cosmological situation and consider that our shell is immersed
in a dS space, so that the outer metric becomes SdS
ds2+ = −
(
1− 2m
r
− r
2
a2
)
dt2 +
1
1− 2m
r
− r2
a2
dr2 + r2dΩ2, R ≤ r < a, (3.1)
where the constant a is the horizon radius of the dS space, with a =
√
3/Λ, Λ
being the cosmological constant. We take a > 3
√
3m, hence (3.1) preserves its
static form [13]. The interior geometry will be considered to have the form
ds2
−
= −
(
1− 2m
R
− r
2
a2
)
dt2 +
1
1− r2
a2
dr2 + r2dΩ2, r ≤ R, (3.2)
so that the Minkowski space is retrieved when a→∞. In addition, we suppose
r < a
√
1− 2m
R
, for any r < R, for to avoid a signature flip of the gtt metric
coefficient. That condition is reasonable because the radius a is of cosmological
order, namely r << a. The shell radius should not, of course, be too close to
2m.
The curved metric (3.2) is generated by the stress tensor Tab, obtained from
Einstein’s equations Gab = 8piTab. It consists of an anisotropic fluid to which
3
the energy density ρ, the radial pressure pr and tangential pressures pθ and pφ
are given by
ρ =
3
8pia2
, pr = ρ− m
2piRa2
(
1− 2m
R
− r2
a2
) (3.3)
and
pθ = pφ = pr − mr
2
4piRa4
(
1− 2m
R
− r2
a2
)2 . (3.4)
We notice that ρ is constant and positive and ρ, pr and pθ are vanishing when
a → ∞ (the interior geometry becomes flat). We also observe that pr < 0 and
pθ < 0 for any values of r < R, R > 2m and R << a. Moreover, ρ < |pr| and
the energy conditions are not observed. That is a consequence of the negative
pressures of the dS spacetime. When m = 0 (shell removed), one obtains ρ =
−pr = −pθ = 3/8pia2, as it should be. In addition, pr, pθ are monotonically
descending functions of r for 0 < r < R.
Let us take now a congruence of static timelike observers given by the velocity
vector field ua = (1/
√
1− 2m
R
− r2
a2
, 0, 0, 0). The covariant acceleration ab =
ua∇aub has only one nonzero component
ar
−
= − r
a2
− 2mr
Ra2
(
1− 2m
R
− r2
a2
) . (3.5)
It is clear from (3.5) that the effect of m on ar is to strenghten its negativity.
This is in contrast with the radial acceleration of a static observer located in
the exterior space (3.1)
ar+ = −
r
a2
+
m
r2
. (3.6)
One sees that the second term on the r.h.s. of (3.6) weakens the value of ar+, so
its repulsive character is diminished. The first term on the r.h.s. of (3.5) is the
obvious dS term but the second one depends on the shell parameters m and R.
Its repulsive feature is highlighted once r is increased from zero to R.
To study the behaviour of ar
−
in the region r << a, we neglect r2/a2 w.r.t.
unity at the denominator and get
ar
−
= − r
a2
1
1− 2m
R
. (3.7)
If R is close to 2m, say R = 3m, one finds that ar
−
= −3r/a2, which is three
times the value in the absence of the shell.
We investigate now the junction conditions at the boundary r = R of the
spacetimes (3.1) - (3.2). With the help of (2.3) - (2.5), the equations for σ and
τ appears now as √
1− R
2
a2
−
√
1− 2m
R
− R
2
a2
= 4piσR (3.8)
4
and
4piσR2
a2
(
1− 2m
R
− R2
a2
) + m
R2
√
1− 2m
R
− R2
a2
= 4pi(σ − 2τ) (3.9)
and the shell mass is obtained from (3.8)
m = 4piσR2
(√
1− R
2
a2
− 2piσR
)
. (3.10)
While σ is given by (3.8) (in terms of the constant m, a,R), for the surface
tension the above equations give us
8piRτ =
(1 − 2m
R
− 2R2
a2
)
√
1− R2
a2
1− 2m
R
− R2
a2
− 1−
m
R
− 2R2
a2√
1− 2m
R
− R2
a2
(3.11)
One notices that the expressions (2.6) and (2.7) are recovered from (3.10) and
(3.11) when a→∞.
4 Conclusions
To find out exact solutions of the Einstein equations for a particular system
immersed in a cosmological background is a difficult task. That originates from
the nonlinear character of the field equations in GR such that a linear super-
position of solutions is not always appropriate. The static situation is simpler
but, nevertheless, one needs a negative surface tension on the boundary for the
matching conditions to be satisfied. An important consequence of the immer-
sion of the shell in the dS space is the increase of the repulsive force (acting as
expansion) on a static interior observer.
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